Let S be a set of arbitrary objects, and let S d = {v 1 ...v d : v i ∈ S}. A polybox code is a set V ⊂ S d with the property that for every two words v, w ∈ V there is i ∈ [d] with
Introduction
Let S be a set of arbitrary objects which will be called an alphabet, and the elements of S will be called letters. A permutation s → s ′ of the alphabet S such that s ′′ = (s ′ ) ′ = s and s ′ = s is said to be a complementation. Through the paper we use a fixed complementation and therefore the alphabet S will be given in the form S = {a 1 , a The structure of tilings f i (s ′ ) = X i \f i (s), and let f : S d → 2 X be defined by the formula f (v 1 . . .
d is a polybox code, then the set f (V ) = {f (v) : v ∈ V } is a system of pairwise disjoint boxes in X such that for every two boxes K, G ∈ f (V ) there is i ∈ [d] with K i = X i \ G i (compare Figure 1) . We call the set f (V ) a realization of V . Boxes K, G with this last property are called dichotomous. Similarly, two words v, w ∈ S d are dichotomous if v i = w , r ∈ N, in the maximum metric δ ∞ (x, y) = max 1≤i≤d |x i −y i | (compare [2] ). Indeed, consider a realization f (V ), where f :
4r+2 preserves dichotomies and for every i ∈ [d] and every s ∈ S the set f i (s) consists of 2r + 1 consecutive integers in Z 4r+2 . Obviously, the set of pairwise dichotomous boxes f (V ) is a partition of Z d 4r+2 . Since each box in f (V ) is a ball of radius r in the metric δ ∞ , taking the centers of each box from f (V ) we obtain an r-perfect code C. [5] , and for d = 5 by Mathew,Östergård and Popa in [22] . To classify cube tiling codes V ⊂ S 4 , where S is an arbitrary alphabet, we show that every cube tiling code in dimension four can be merged into one of twenty one codes of some special form (Theorem 2.2). This in turn reveals some meta-structures of 2-periodic cube tilings of R 4 in the spirit of [19] .
One of the most known structural problem dealing with cube tilings of R d is Keller's conjecture ( [1, 3, 9, 11, 14, 15, 16, 18, 20, 21] ). This conjecture, which says that in every cube tiling of R d there is a pair of cubes having a complete facet in common, is however only one of many interesting problems on the structure of cube tilings ( [4, 5, 6, 7, 8, 13, 17, 24, 25] ). At the end of the paper we examine one of such structural problem which was previously considered in [6, 22] for cube tiling codes
It concerns a procedure of passing from a code to a code via a sequence of local transformations of codes. In the paper we generalize such procedure on arbitrary cube tiling codes V ⊂ S d in dimensions up to five (Theorem 4.1).
A non-empty set F ⊆ X is said to be a polybox if there is a set of pairwise dichotomous boxes F such that F = F . The set F is called a suit for F . We add an extra letter * to the set S and the set S ∪ { * } is denoted by * S. We assume that * ′ = * and the star is the only letter with this property. Two words v, w ∈ ( * S)
, where v i , w i ∈ S, and V ⊂ ( * S) d is a polybox code if it consists of pairwise dichotomous words. A word containing * is called improper. The meaning of * is that f i ( * ) = X i , while f i (s) ∈ 2 X i \ {X i , ∅} for every s ∈ S and every i ∈ [d]. A set V ⊂ ( * S) d of pairwise dichotomous words is said to be a partition code if any realization f (V ) of V is a suit for a d-box X. Codes V, W ⊂ ( * S) d are equivalent, which is denoted by V ≡ U, if f (V ) = f (W ) for every f that preserves dichotomies (see Figure 4 and 5).
If v ∈ ( * S)
d , and σ is a permutation of the set
′ for every l ∈ * S and h i ( * ) = * . Such h i will be called a position bijection (at position i).
The group of all possible mappings h •σ will be denoted by G(( * S) d ) or G(S d ) depending on whether we consider words written down in the alphabet * S or in S. Let S and T be two alphabets with complementations, and let |S| ≤ |T |. Two polybox codes V ⊂ ( * S)
, where i : * S → * T is a fixed injection such that i( * ) = * and i(s ′ ) = i(s) ′ for s ∈ S. The composition h•σ is an isomorphism between V and U. By a set of all non-isomorphic cube tiling codes in dimension d we mean any set N d ⊂ S d such that for every cube tiling code
We say that a twin pair v, u is glued at the ith position if the pair v, u is replaced by the improper word w having the star at the ith position, where v i = u ′ i and w j = v j for all j = i. The word w is called a gluing of words v, u. To every polybox code V we can assign its twin pair free code F V which arises from V by successive gluing of words which form a twin pair. (Such assignment is not usually unique.) More precisely, in the first step we glue a twin pair in V , say it is
1 is a polybox code. If V 1 does not contain a twin pair we take F V = V 1 . If there is a twin pair in V 1 we proceed as above obtaining a code V 2 . After n steps, where n ≤ 2 d − 1 and V i contains a twin pair for i ∈ [n − 1], we obtain a twin pair free code V n and then
Figure 2: A realization of the cube tiling code V = {aaa, aba
It can happen that F V = { * * * * }. This however means that, up to isomorphism, V n−1 = {v 1 * * * , v ′ 1 * * * }. This, in turn, means that the code V (as well as V n−1 ) belongs to the class of layered codes: A code U ⊂ ( * S) d is layered if there are s ∈ S and i ∈ [d] such that u i ∈ {s, s ′ } for every word u ∈ U.
To enumerate all twin pair free partition codes V ⊂ ( * S) 4 we shall use an algorithm which is described in [15] . Let v ∈ ( * S) d , and let 13] ). Thus, denoting by x i the number of words v in a partition code V such that |v| = 2 i , i ∈ {0, 1, 2, 3}, to every code V we may assign the system of equations
where k is the number of words in V . Moreover, in [13] we showed that every partition code V ⊂ ( * S) d having at least two words contains a pair of words v, u, such that
For the reasons that will be explained below, it is enough to consider the alphabet * S = {a, a ′ , b, b ′ , * }.
2), every twin pair free partition code V ⊂ ( * S) 4 contains, up to isomorphism, the code V 3,0 or V 3,1 . Let C k be the family of all k-elements twin pair free partition codes V ⊂ ( * S) 4 which contain the code V 3,0 or V 3,1 . Our goal is to find the family C k .
Input. The number k.
Output. The family C k .
Let
.., 3} indicate the set A i consisting of all words v ∈ ( * S) 4 such that v contains precisely i letters * .
3. Fix x ∈ S k and let s(
4. Let I be the multiset containing i 1 with the multiplicity x i 1 − 2 (recall that x i 1 ≥ 2) and i j with the multiplicity x i j for j ∈ {2, ..., m}. By I[j] we denote the jth element of I.
and for U ∈ D l if U ∪ {v} is a twin pair free code, then we attach it to
To explain why in the above algorithm we may assume that * S = {a, a ′ , b, b ′ , * }, which simplifies computations, we need to take a look at the structure of a partition code V ⊂ ( * S)
Any realization of the set V i,l ∪ V i,l ′ , where V is a partition code, is a cylinder (Figure 2 ). It is a set F ⊆ X such that for every set 3 , and the set on the right is not, because the set
has a non-empty intersection with this set but l 3 is not entirely contained in it.
Since any realization of
where V is a partition code, is a cylinder we shall say that a partition code, in particular a cube tiling code, has the cylindrical structure.
Observe that, for every cube tiling code 
To justify the assumption
4 is a twin pair free partition code and
Since every solution of the system of equations
, it follows that in every partition code V ⊂ ( * S) 4 with |V | ≥ 12 there are at most four improper words. On the other hand, as it was noted above, for every l ∈ {a, a ′ , b, b ′ , c, c ′ } the set V i,l contains an improper word. Thus, there are at least six improper words in V , which is a contradiction.
Theorem 2.2 There are, up to isomorphism, twenty twin pair free partitions codes in dimension
four. These are:
13.
Each of these twenty codes can be partially visualized. For example, let C = C 16 . We have
The two codes C 4,a
= { a * a, a ′ a ′ * } are equivalent and similarly the codes C 
Note that Theorem 2.2 describes a meta-structure of a 2-periodic cube tiling of R 4 . To describe it we introduce some definitions. Two cubes in any cube tiling [0, 1)
is said to be a polycube if there is a family of cubes [0, 1)
such that for every t ∈ T we have t i = a+z for some z ∈ Z. We say that a cube tiling T is blockable if there is a finite family of disjoint blocks B, |B| > 1 such that every cube from the tiling T is contained in exactly one block of the family B. Clearly, every layered cube tiling of R d is blockable. An interesting question is which non-layered cube tilings of R d are blockable. In [19] it was showed that every non-layered cube tiling of R 3 is blockable, and in [10] it was proved that the same is no longer true for cube tilings of
is a realization of a cube tiling code V ). Therefore, regarding a 2-periodic cube tiling of R d it is interesting to obtain its twin pair free family of blocks B in which union of any two blocks of B is not a block. Thus, Theorem 2.2 says that cubes of a 2-periodic non-layered cube tiling T of R 4 can be arranged into one of twenty twin pair free families of blocks B. Such families can be obtained from the codes C i , i ∈ [20] , given in Theorem 2.2 in the following way: If T is a realization f (V ) of a cube tiling code V (the way of such realization is given in Section 1), and F V = C i , then taking
where
Enumeration of cube tiling codes in dimension four
Having computed all twin pair free codes C 1 − C 20 together with the code C 21 = {l * * * , l ′ * * * } we are able to find the family of all codes V ⊂ S 4 , where S = {a 1 , a 
where l, p, q, s ∈ S.
Non-isomorphic forms
Recall that, the elements of the group G(S 4 ) are mappings of the form h •σ, where h andσ were defined in Section 1. It is easy to check that G(S d ) is of order 4!(8!2 8 ) 4 . Clearly, to decide whether two codes V, U ⊂ S 4 are isomorphic it is too long to check all elements of G(S 4 ). In this section we show which elements of G(S 4 ) have to be considered and next we describe an algorithm that allows us to find all non-isomorphic cube tiling codes in dimension four.
Let
We shall say that a code V has a compressed form, if M V has the following two properties: For every i ∈ [4] if a ij = (0, 0), then a ik = (0, 0) for every k ≥ j. Secondly, |{k : a ik = (0, 0)}| ≤ |{k : a jk = (0, 0)}| for every i ≤ j. Clearly, applying step by step position bijections (compare Section 1) and next permuting positions (if needed) we may pass from V into an isomorphic formV of V which has a compressed form. For example, if 1 a 1 a 2 , a 1 a 1 then in order to obtain MV from M U we have to permute first two rows in M U and next permute the entries (1, 1) and (7, 7) . Thus, applying the permutation σ = (2134) in every word of U and next applying the position bijection (a 2 , a
.., 8}) we obtain a code U ′ which is isomorphic to U and M U ′ = MV . Clearly, U ′ need not to be isomorphic toV . To check whether U ′ andV are isomorphic we have to apply the rest mappings h •σ to U ′ , which steam from the elementary operations on M U ′ and do not change the matrix M U ′ . These are: The permutation of the entries (1, 1) and (1, 1) in the third row (these induces the position bijection (a 2 , a
2 ) at position 3 and similarly the permutation of the entries (2, 2) and (2, 2) in the fourth row (these induces the same position bijection as above, but now at position 4). Additionally, we have to apply permutations of the form (a i , a
(they steam from the permutation of elements in a pair (n, n), n > 0). Thus, to check whether U ′ andV are isomorphic we have to check 4 × 4 × 16 × 32 mappings h •σ ∈ G(S 4 ). The last factor is always the biggest as codes are compressed and thanks to the cylindrical structure of the codes we may skip the computations that correspond to it. To do that, let I consists of all 4 × 4 × 16 mappings h •σ ∈ G(S 4 ), AV = {V 4,s 4 c : s ∈ PV } and
4,s 4 c : s ∈ P U ′ }, where P U ′ , PV ⊂ S contain only the letters that appear at the fourth position in U ′ andV , respectively. It is easy to see that by the cylindrical structure of cube tiling code, U ′ andV are isomorphic if and only if there is h •σ ∈ I such that h •σ(
4,s 4 c : s ∈ P U ′ }. Let el(V, U) = 1 if U can be obtained from V by applying one of isomorphisms which steam from the above described elementary operations, and let el(V, U) = 0 otherwise. Thus, V and U are isomorphic if and only if el(V, U) = 1.
Before evaluating el(V, U) it is useful to check an isomorphism invariant, especially if such verification is quick. Let V be a code, and let t(V ) = (t 1 , t 2 , t 3 , t 4 ) be a vector such that t i , i ∈ [4] , is a number of all twin pairs v, u ∈ V such that v i = u ′ i . It is easy to see that t(V ) is, up to permutation, an isomorphism invariant. Let tp(V, U) = 1 if t(V ) and t(U) are, up to permutation, equal and tp(V, U) = 0 otherwise. Clearly, if tp(V, U) = 0, then V and U cannot be isomorphic and thus el(V, U) = 0.
Let V ⊂ S d be a cube tiling code (in compressed form), and let S i (V ) be the set of the letters which appear in the words v ∈ V at a ith position, i ∈ [d]. For example, for a code U with the matrix M U given above we have 
is a cube tiling code in dimension d if and only if V i ≡ W i for every i ∈ [k] (compare [7, 22] ).
In the case of the set N 
is not a twin pair for each i ∈ [7] . Moreover, let B the family of all codes U(π
, where V i is a twin pair for some i ∈ [7] and W is a cube tiling code in dimension three such that W i ≡ V i and W j = V j for j = i. Since two codes V ∈ A and U ∈ B cannot be isomorphic, to obtain N 7 4 it is enough to compute sets N (A ) and N (B) of all non-isomorphic codes in A and B, respectively. We do it in the manner described in the second and the third step of Algorithm 2, where F ∈ {A , B}. After this, we get 
The number of all cube tiling codes in dimension four
To compute the number of all cube tiling codes V ⊂ S d we may first find some smaller set of codes. To do this, let us note that for a given code V ⊂ S d the previously defined set of the letters S i (V ) is usually a proper subset of S.
a minimal orbit of V . It is easy to see that that having the cardinality of the minimal orbit of a cube tiling code V ⊂ S d we are able to calculate the cardinality of the whole orbit o(V ), since
where S = {a 1 , a
. Therefore, to find the number of all cube tiling codes in dimension four, which is equal to 
Results
In the computations we used 8-core 3.4-GHz processor and the indication of a set N 4 consisting of all non-isomorphic cube tiling codes in dimension four took about two days (The code was written in Python.) By Lemma 2.1, to obtain these cube tiling codes it is enough to consider codes that are written down in the alphabet S = {a 1 , a In Table 2 we present the numbers n(c) of codes V ∈ N 4 with the distribution c = (c 1 , c 2 , c 3 , c 4 ), where c i , i ∈ [4] , is the number of different pairs of letters (a j , a ′ j ), j ∈ [8] , which appear in the code V at the ith position, that is, c i = |{j ∈ [8] :
In more geometric interpretation, c i is the number of cylinders in the ith direction in a realization f (V ) (compare Figure  3) .
In the next table we present a distribution of codes V ∈ N 4 depending on a number of letters used in V . For k ∈ [8] Finally we present the current state of the classifications of cube tilings codes: 
is the number of all cube tiling codes in dimension d−1 but written down in the alphabet S. Additionally, the number of all codes U(π 
is not rigid. It is known ( [11] ) that for d = 4 there is, up to isomorphism, only one twin pair free polybox code Q which is not rigid (Q contains twelve words). All other non-rigid polybox codes Q ⊂ S 4 have to contain a twin pair. So, let us suppose that in a partition π 
. It seems that using Theorem 2.2 it is possible to give some estimation of |U 5 |. We will not however try to do it here. Instead of it, we give the sumM 5 = 2 
Glue and cut procedure
Recall that a twin pair v, u is glued at the ith position if v, u is replaced by the improper word w having the star at the ith position where v i = u ′ i and w j = v j for all j = i (we called the word w a gluing of v and u). Conversely, if an improper word w with exactly one star at the ith position is replaced by a twin pair v, u such that v i = s, u i = s ′ , where s = * and v j = u j = w j for all j = i, then we say that w is cut at the ith position. Let V, U ⊂ ( * S) d be equivalent polybox codes. We say that the polybox code U is obtained from the polybox code V by the glue and cut procedure if there is a sequence of gluing and cutting leading from V to U. (The glue and cut procedure was considered by K. Przes lawski and the author independently from Dutour and Itoh ([6] ). In [6, 22] this procedure is called switching.) For example, in Figure 5 we see a visualization of passing from one polybox code to another.
In [6] it was shown that for all d ≤ 4 we may pass from an arbitrary cube tiling code
by the glue and cut procedure, and in [22] it was proved that the same is true for any two cube tiling codes V, U ⊂ {a, a ′ , b, b ′ } 5 . Using the above result we are able to prove is, up to isomorphism, of the form {a * * * , a ′ * * * } (see Section 2 for V n−1 ). Thus, every word v ∈ F V ∪ V n−1 contains at most three stars. If v contains one, two or three stars and U v ⊂ V is the set of words that has been aggregated to v, that is, {v} ≡ U v , then we may identify U v with a cube tiling code in dimension one, two or three, respectively. Thus, by the result mentioned above, we may pass by the glue and cut procedure, from U v to a codeŪ v ⊂ {a, a ′ , b, b ′ } 4 . Since, up to isomorphism, F V , V n−1 ⊂ {a, a ′ , b, b ′ , * } 4 , it follows that we may pass by the glue and cut procedure from V to a cube tiling codeV ⊂ {a, a ′ , b, b ′ } 4 . Let d = 5. If F V = { * * * * * }, then, up to isomorphism, V n−1 = {a * * * * , a ′ * * * * }. As above, for v ∈ V n−1 we may identify the codes U v ⊂ V , where {v} ≡ U v with cube tiling codes in dimension four. Thus, by the first part of the proof we may pass by the glue and cut procedure from V toV ⊂ {a, a has, up to isomorphism, one of the following forms: (At the end of the proof we show how to pass from P 1 to P 2 for the codes number one ( Figure 5 ) and four.) Consequently, we can pass from U 1,c ∪ U 1,c ′ to cP 2 ∪ U 1,c ′ , where cP 2 = {cv : v ∈ P 2 }. The code cP 2 ∪ U 1,c ′ consists of twin pairs of the form cv, c ′ v, where v ∈ P 2 . Thus, we may pass by the glue and cut procedure from cP 2 ∪ U Observe that, the codes P 1 , P 2 for the code F at position four cannot be represent in three dimensions. To show how to pass from P 1 to P 2 let p, q, s ∈ S, and let P 
